Accessing nanomechanical resonators via a fast microwave circuit 
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The measurement of micron-sized mechanical resonators by electrical techniques is difficult, be- 
cause of the combination of a high frequency and a small mechanical displacement which together 
suppress the electromechanical coupling. The only electromagnetic technique proven up to the 
range of several hundred MHz requires the usage of heavy magnetic fields and cryogenic conditions. 
Here we show how, without the need of either of them, to fully electrically detect the vibrations 
of conductive nanomechanical resonators up to the microwave regime. We use the electrically ac- 
tuated vibrations to modulate an LC tank circuit which blocks the stray capacitance, and detect 
the created sideband voltage by a microwave analyzer. We show the novel technique up to mechan- 
ical frequencies of 200 MHz. Finally, we estimate how one could approach the quantum limit of 
mechanical systems. 

PACS numbers: 67.57.Fg, 47.32.-y 



Micro- and nanomechanical systems [H, 0] are increas- 
ingly finding use in various sensor applications, where the 
vibrations of clamped beams or cantilevers are affected 
by the measured quantities. The detection of mechan- 
ical vibrations at the submicron scale in such systems 
gets notoriously difhcult. This essentially stems from the 
fact that the transduction of mechanical motion into the 
engineering world based typically on electrical measure- 
ment techniques is not easy. Also, the detection of higher 
mechanical resonant frequencies /o becomes increasingly 
difficult, since the physical size shrinks roughly inversely 
with increasing frequency. On the other hand, the small- 
est nanomechanical resonators are the most interesting 
ones, as sensors due to their small active mass fsJ], or, 
for the benefit of basic research, for observing quantum- 
mechanical phenomena in the collective mechanical de- 
gree of freedom d, Q . 

The backbone for electronic readout of nanomechani- 
cal resonators (NR) has been the magnetomotive method 
@) 0] or its variants [H which have been proven above 500 
MHz 0. Here, the current-carrying beam is vibrating in 
a sizable magnetic field, thus inducing an electromotive 
force which can be read out by a network analyzer. How- 
ever, the method has a practical constraint limiting its 
general applicability, since typically a 1-10 Tesla field and 
hence superconducting magnets and 4 Kelvin operation 
are needed. 

Apart from simple readout, the most significant moti- 
vation for the investigation of sensitive and fast detection 
methods for NR is the ongoing quest towards experimen- 
tally reaching their quantum ground state j 
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The quantum limit necessitates, first of all, a low tem- 
perature T such that /i/o > ksT. New materials and 
fabrication techniques recently paved the way to break- 
ing /o = 1 GHz 13| , corresponding to T ~ 50 mK which 
is relatively easily attainable using standard dilution re- 
frigeration techniques. The prerequisites for the detec- 
tion method, however, become formidable. The magne- 
tomotive readout appears not suitable for pursuing the 



quantum limit, since the high field suppresses supercon- 
ductivity, which also gives rise to Joule heating. Sim- 
ilarly, a frequently applied piezoelectric actuation may 
become problematic under these circumstances. 

Already from the point of view of practical benefit of 
either the research scientist or, in particular, for a multi- 
tude of high-frequency sensor applications, a straightfor- 
ward electronic readout would be valuable, which would 
desirably work up to /o ~ 1 GHz, and without the use of 
cumbersome high Tesla magnets. Truitt et al. recently 
took a first step to this direction [l^]. They took advan- 
tage of the fact that at the drive frequency a driven NR 
looks like a series electrical RLC resonator, for which 
they improved the impedance match to Zq — 50 f2 by 
coupling the NR to an electrical LC matching circuit 
resonant with the mechanical mode. 

In our work, we demonstrate a fully electric readout 
protocol which uses an external tank circuit in order to 
eliminate the external wiring capacitances which other- 
wise would mask the tiny capacitance modulation which 
comes from the motion of the metallic NR. In the present 
work, the LC frequency /lc ^ /o can be chosen high 
enough to ensure bandwidths up to the range of 1 GHz, 
independent on /q. Similar techniques where an external 
resonant (" tank" , meaning energy storage) circuit have 
been used in order to enhance the detection bandwidth 
are well-known in the mesoscopic electron transport com- 
munity l^, H, [13] ■ Estimates show that the method is 
promising in approaching the quantum limit. 

In Fig. [1] (a) we review our starting point, namely the 
idea of the capacitive actuation and readout, where the 
NR is driven by the voltage V{t) — Vdc + Vb cos(a;i). The 
NR oscillates as a Lorentzian about the (fundamental 
mode) mechanical resonance ojq = 27r/o: 
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where the driving ac-force is Fq 
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FIG. 1: (a) Capacitive readout of a nanomechanical resonator (without a tank circuit) would suffer from the large parasitic 
wiring capacitances Cs- The drive V{t) = Vdc + Vb cos(a'oi) is at mechanical resonance frequency 27r/o. Inset: electrical 
equivalent circuit how the mechanical resonator looks like at the same frequency as it is driven, (b) The signal is enhanced 
in our scheme by a Iow-Qlc LC tank circuit which blocks the stray capacitance. The vibrations of the beam (driven or not) 
at the mechanical frequency fo modulate the total capacitance of the tank circuit, and the signal occurs as sidebands of the 
reflected incoming wave Vr/ sin {cu-Lct) performed at the frequency /lc fo of the tank circuit; (c) the circuit appears as one 
with a time-dependent capacitance when sensed at a frequency different from the actuation frequency fo- 



ujqLl! [Qm {^'^ ~^o)] ^' -^^ is the effective mass of the 
fundamental mode (about 0.73 times the total mass of 
the beam), and Qm is the quality factor of the nanome- 
chanical mode. 

Equation ([1]) gives rise to a time-varying capacitance 
Cn it) = Crq + (^^) Sx, which at the drive frequency 
equals the electrical RLC equivalent circuit shown in the 
inset of Fig. [T] (a). 

On the mechanical resonance Q — 7r/2, current and 
voltage are in phase and and NR looks like a resistance. 
Towards increasing mechanical frequency, this effective 
resistance grows rapidly, and when combined with the 
large wiring stray capacitances Cs, makes the signal 
small. Truitt et al- recently reported a progress which 
took advantage of the electrical analog augmented with 
a tank circuit in order to improve the impedance match 
to Zo = 50 n- 

In order to analyze our approach, Fig. [1] (b), we write 
down the time-varying capacitance when the NR is reso- 
nantly actuated by V{t) — Vdc + Vq cos{uJot): 



Cr =Crq 
—Cro 
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\ dx 



dx 



sin(a'ot) = 



(2) 



perform the measurement at a frequency /lc fully differ- 
ent from the actuation frequency / ~ /o, and as we shall 
see, this has the effect of erasing the phase relationship 
between the voltages and currents, and the NR therefore 
looks just like a time- varying capacitance, as displayed in 
Fig. [T](c). At the measurement frequency /lc the RLC 
equivalent model still holds, but the impedance is such 
high that its contribution can be neglected. A related 
technique was recently demonstrated by Regal et al. , 
however, they used a very high-Q transmission line res- 
onator as the coupling element, and a low- frequency NR. 

For a more thorough analysis, let us write down the 
equations governing the flow of information between the 
different frequencies present in the problem, namely the 
actuation drive to the NR at the frequency fa, measure- 



ment at /lc = 



and the mixing products 



27r^L(C+CRo) ' 

(sidebands) f± = /lc ± fo, but neglecting higher-order 
mixing terms (a related analysis for the RF-SET can be 
found in Ref. [l8(). 

The voltages at the various frequencies in the middle 
of the tank circuit, at the point R in Fig.[T](c) are, under 
these assumptions. 



= Vf, + Vo"^ exp (iuot) + Vlc exp (iLOLct) + 
V:!^ exp [i(cJLC + ^o)i] + exp (t^LC - ^o)t] 



(3) 



Here and henceforth, we will denote by dx the resonant 
(maximum) value of the displacement in Eq. ([1]). We 



Using Eq. ^ for the time-dependent capacitance and 
Eq. ^ for the voltage across the NR, we get a relation 
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for the currents flowing through the NR: 
Sx (^) 

+ uj+Vj% exp (iu+t) - uj-V^c exp (iuj^t)} + Irq 



(4) 



where /flo is the current through the constant part of 
the capacitance Crq. We use the Kirchoff's voltage and 
current laws which allow us to solve the circuit at all 
the mentioned three frequencies, when substituted by 
Eqs. dm): 



iujL) -V^ = Q 



(5) 



iu; {C + Cro) 



If luq <C uji^c I Qhc I and in the limit of small capacitance 
modulation Sx (^|-) ^ Cro, we obtain from Eqs. ([5]) 
the measured quantity, namely the voltage amplitudes 
V± = ZqI^ of either sideband: 
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where for the last form, we substituted the capacitance 
modulation amplitude SC as defined in Eq. and then 
approximated it as '-^ where Xq is the vacuum 
gap between the beam and the gate. As one would intu- 
itively think, the signal depends strongly on how much 
stray capacitance C one has within the resonant circuit, 
the part which is not cancelled by the inductor. The 
signal is proportional to both actuation parameters (Vdc 
and Vb) and to how much the system responds, given by 
Qm, as well as to the measurement strength V-^f. Also, 
the signal can be interpreted as being proportional to 
the quality factor Qlc ~ {^lcCZq) ^ of the tank cir- 
cuit. The bandwidth, as typical of a modulation scheme, 
is given by the response time of the electrical tank circuit, 
as fhc/Qhc- 

For the fabrication of micron-scale suspended, metal- 
lized of fully metallic nanomechanical beamSja multitude 
of ingenious methods have been developed 
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22, 23] . Our process represents the simplest end of the 
spectrum in terms of the complexity of the process, and 
the number of steps needed. The beam itself is metallic, 
and hence there is no separate metallization needed. The 
fabrication goes on top of a high-resistivity (~ 3 kfJm) 
Silicon as shown in Fig. [21 by e-beam lithography. In the 
end, a properly timed SFg dry etch suspends the beam, 
while leaving the clamps in both ends well hooked to the 
substrate. 
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FIG. 2: The fabrication of the nanomechanical resonators 
on high-resistivity Silicon substrate; (a) the process steps: (i) 
high-purity Si substrate is coated by 300 nm of PMMA resist; 
(ii) positive e-beam exposure of the final pattern; (iii) resist 
development; (iv) e-beam evaporation of a thickness h = 50 
nm or h = 100 nm of Aluminum; (v) lift-off in acetone; (vi) 
the chip as a whole is exposed to SFg Reactive Ion Etch (RIE) 
which removes ~ 1 fim layer of the Si substrate, (b) SEM 
image of a Z = 1.8 //m long and W — 160 nm wide Al beam 
(similar to samples A and B). The scale bar is 200 nm. The 
beam is driven to oscillate (amplitude 5x) in the plane of 
the film due to capacitive drive from the large gate Cr. The 
same gate is also used to sense the motion. The other, weakly 
coupled, gate Cg was not used presently. 



For the measurements, the chip was wire-bonded to 
a surface-mount inductor L — 10. ..30 nH in a sample 
holder. The tank circuit capacitance C ^ 0.3 pF comes 
from the stray capacitances of the bonding pad and of the 
inductor. The choice of the inductor was made such that 
the expected mechanical frequency falls within the elec- 
trical bandwidth Zo/(2TrL). The sample was connected 
to high-frequency coaxial cables in a test cryostat, and 
cooled down to 4 K in a vacuum of ~ 10~^ mBar. The 
voltages at dc, at the NR drive frequency, and at the 
measurement frequency were combined at room temper- 
ature using bias tees. The signal reflected from the sam- 
ple was feed to a spectrum analyzer via a circulator and 
room temperature microwave amplifiers having the noise 
temperature T/v ~ 100 K which set the noise level in 
the measurement. The driven mechanical response was 
obtained by scanning the drive frequency fg about the 
mechanical resonance /o, and recording the amplitude of 
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the sideband voltage. 

We studied a total of four samples as summarized in 
Table H] for their dimensions, the used tank circuit, and 
the basic characteristics /o and Qm oi the resonance. 
In Figs. [21 H] we show more data for two representative 
samples. As the basic test of the scheme, we compared 
the measured sideband voltage to that expected, Eq. ([6]) 
according to our model of a time-varying capacitance. 
We model the capacitance Ch between the beam and 
the nearby gate as that for two parallel beams of length 

width W and a vacuum gap xq: 



Cr{xo) = neol < In 



W 



2x0 
W 



(7) 

In Figs. El (b), m (b) we plot the height of the peak ob- 
tained as the drive frequency fg was scanned through 
the resonance, as a function of the dc voltage. We calcu- 
late numerically (^^) which we use in Eq. ^ in order 
to obtain the gray lines illustrating the expected linear 
increase of the peak height, showing a good agreement 
with the data. The error bars arise from uncertainties in 
the attenuation of the system at low temperature, as well 
as uncertainty in the exact value of the beam gap xq to 
which the capacitance is sensitive. Note, however, that 
all the parameters were independently estimated. 

As a further test of integrity of our model, we stud- 
ied the shift of the linear-regime resonant frequency as a 
function of the applied dc voltage Vdc- E)ue to electro- 
static softening of the effective spring constant fc*(Vdc) = 

k — ^V'dc^i^lvdc: the resonance is expected to shift left 
with increasing dc voltage: 



Wo (Vdc) = Wo (0) 



CroVI 



(8) 



which holds well for the gap smaller than beam diameter. 
In Figs.[3](c),|4](c) we plot the theory prediction together 
with data as the gray curves which represent Eq. ([5]) eval- 
uated at opposite limits of the error bars. We notice the 
match is good to both the magnitude of the frequency 
shift, as well as its expected quadratic behavior, again 
without any fitting parameters. 

The mechanical frequencies summarized in Table |T] 
agree within 25 % of the prediction based on a stress- 
free film. For samples A and B the measured frequency 
falls below the predicted, whereas C and D show the op- 
posite. Sample C was briefly heat-treated (see Table HI, 
which could have removed the supposedly compressive 
stress present in the film after evaporation, thus causing 
the frequency to go up. The good mechanical Q-values 
Qm > 10'^, in agreement with previous 4-Kelvin experi- 
ments on Aluminum beams do not indicate damage 
to the beam material was caused by the process. 

While our scheme in principle offers room temperature 
operation, we found out that the (small) conductivity of 



the Si substrate caused spurious non-linearities at tem- 
peratures above that of liquid nitrogen (77 K), which 
masked the signal. This issue could be settled by using 
a more resistive substrate, such as oxidized Silicon. 

The fast sideband detection procedure which we 
demonstrate here offers a sensitive, an in-principle table- 
top characterization method for the nanomechanical res- 
onators. A major figure of merit is the displacement sen- 
sitivity Sx- It is obtained from Eq. ([6]) as the value of 
dx which would correspond to a voltage spectral density 
equal to the noise voltage ^iksT^q Zq which we suppose 
is set by the amplifiers: 



wlc(C' - 



C_RoVrf 



(9) 



where Tn is the noise temperature of the system. No- 
tice that the sensitivity does not depend on the actua- 
tion voltages Vdc and Vq, but evidently improves with 
increasing measurement voltage V-/ under the assump- 
tion that linearity holds. The dependence on the sample 
dimensions comes via Crq which scales with the length 
I as Cflo Of I. Hence in the "easy" limit where the stray 
capacitance C dominates, towards small size the sensi- 
tivity degrades relatively slowly, as cx For instance, 
we expect the method to be usable in order to detect 
small vibrations for an Al doubly clamped beam of length 
I = 0.7 /um, /o — 1 GHz. Let us use the moderate values 
L = 8 nH, C = 0.1 pF, Tn = 100 K, V,i = 3 mV, and 
Vdc — 10 V, with which values we find a sensitivity of 
Sx ^ 0.5 pm/\/Hz. 

The sideband readout also seems promising for basic 
studies of the NR at low temperatures, since the NR and 
its surroundings stay superconducting. The dispersive 
detection where only the phase of the reflected signal 
varies, as well as the all-electric actuation we apply, cause 
a vanishing on-chip dissipation. 

Interestingly, the sideband measurement might also of- 
fer a path towards the quantum limit of mechanical mo- 
tion. Through minimization of the tank circuit capaci- 
tance C in Fig. [T] (b) by improving the LC tank circuit 
from our first realization made of surface mount compo- 
nents, one could approach the sensitivity needed for ob- 
serving the mechanical zero-point vibrations. The lowest 
C would be achieved by fabricating the NR coupled to 
an on-chip spiral coil, for example L = 17 nH, C ^ 2b 
fF. Let us consider an Aluminum beam having a length 
I — 1.5 /im and frequency /o = 240 MHz. Let us also 
take /lc — 5 GHz and Tjv = 4 K. If probed even with 
a decent Vf = 3 mV, and Vdc = 10 V, Eq. ^ yields a 
displacement sensitivity Sx ~ 45 fm/\/Hz, which comes 
interestingly close to the zero-point aplitude Xzp ~ 25 
fm whose energy will be spread over a bandwidth deter- 
mined by Qm- The back-action disturbance due to the 
probing remains small, since /lc ^ /o- The back-action 
is estimated from the tail of the Lorentzian response of 
Eq. ([T]), where the amplitude at high frequencies decays 
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TABLE I: List of the measured nanomechanical resonators. They were fabricated out of Al according to Fig. [2] Sample C 
was baked in vacuum at 200° C for 15 min. The quahty factors Qm and the fundamental mode resonance frequencies /o were 

measured in a temperature of 4.2 K in a vacuum of ~ 10~^ mBar. The estimated frequency is given as /o — Iry^, where E 

is the Young modulus and p is density. The other beam parameters are I =length, W = width, h — thickness, xo = vacuum 
gap. 



sample 


I 


W 


h 


xo 


/() (est) 


fo (meas) 


L 


Cr 


C 


/lc 


Qm 


A 


1.8 /im 


150 nm 


100 nm 


65 nm 


230 MHz 


172 MHz 


20 nH 


47 aF 


0.39 pF 


1.81 GHz 


1.0 X 103 


B 


1.8 /im 


160 nm 


50 nm 


70 nm 


245 MHz 


191 MHz 


14 nH 


45 aF 


0.27 pF 


2.16 GHz 


1.0 X 10^ 


C 


2.2 ^tm 


200 nm 


75 nm 


100 nm 


205 MHz 


202 MHz 


10 nH 


64 aF 


0.3 pF 


3.02 GHz 


1.0 X 10^ 


D 


2.5 /im 


145 nm 


150 nm 


170 nm 


117 MHz 


130 MHz 


10 nH 


49 aF 


0.3 pF 


2.95 GHz 


2.6 X 10^ 




FIG. 3: Measurements of the response of the nanomechanical resonator (sample D) using the electric sideband detection, 
Vb = 100 mV and Vlc ~ 30 mV, at T = 4.2 K; (a) resonance curves of the fundamental mode for increasing dc voltage (from 
right to left); (b) Amplitude of the peak extracted from (a). The theoretical predictions (gray lines) are scaled down by the 
total microwave attenuation ~ 10 dB of the system; (c) center frequency of the mechanical peak extracted from (a), compared 
to theory from Eq. (|8j ; 



as (/lc) ^- With the above parameter values, we find 
that the measurement would excite less than one quan- 
tum of energy into the NR. 

An interesting materials platform for the sideband 
readout, among all conductive materials, is graphene 24 1. 
The signal improves due to a large capacitance of the 
sheet and due to its low mass, whereas the latter also 
substantially increases the zero-point amplitude. Due to 
the sensitivity of the novel method, interesting mass, ac- 
celeration or other sensor applications might also arise. 
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FIG. 4: As Fig. |3] measurement and analysis for sample A; 
(a) Vo = 50 mV and probe Vlc = 140 mV, for increasing 
values of the dc voltage Vdc from bottom to top (displaced 
vertically for clarity); (b) increase of the height of the peak 
versus dc voltage; (c) frequency shift versus dc voltage; (d) 
at a higher total drive Vo = 50 mV and Vlc = 200 mV, the 
system turns nonlinear and hysteretic. 
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